Numerous work had been done to quantify the entanglement of a two-qubit quantum state, but it can be seen that previous works were based on joint measurements on two copies or more than two copies of a quantum state under consideration. In this work, we show that a single copy and two measurements are enough to estimate the entanglement quantifier like entanglement negativity and concurrence. To achieve our aim, we establish a relationship between the entanglement negativity and the minimum eigenvalue of structural physical approximation of partial transpose of an arbitrary two-qubit state. The derived relation make possible to estimate entanglement negativity experimentally by Hong-Ou-Mandel interferometry with only two detectors. Also, we derive the upper bound of the concurrence of an arbitrary two-qubit state and have shown that the upper bound can be realized in experiment. We will further show that the concurrence of (i) an arbitrary pure two-qubit states and (ii) a particular class of mixed states, namely, rank-2 quasi-distillable mixed states, can be exactly estimated with two measurements.
I. INTRODUCTION
Entanglement lies at the heart of quantum mechanics [1] and act as an essential ingredient in quantum computing [2] , quantum communication [3] and quantum cryptography [4] . The amount of entanglement in a given entangled system is directly proportional to the efficiency of given entangled state in doing some quantum information processing task. This implies that if the system is maximally entangled or even nonmaximally entangled two-qubit system then these entangled systems are able to perform better than separable states in quantum information processing task. Therefore, it is necessary to determine whether the generated quantum state is entangled or not. This problem is known as entanglement detection problem and it is studied by many authors applying different techniques [5] [6] [7] [8] [9] [10] [11] [12] [13] . The entanglement can also be detected by structural physical approximation method (SPA) [14, 15] . SPA is a physical means by which positive maps can be approximated by completely positive maps [16] . Like entanglement detection problem, entanglement quantification is also equally important. To develop the quantum technology [17] and perform quantum communication task [3] , it is important to know the exact amount of entanglement in an entangled state. Large effort has been devoted to quantify the amount of entanglement by defining different entanglement measures such as entanglement of formation [18] , entanglement negativity [19] , logarithmic negativity [20] , relative entropy of entanglement [21] . Entanglement of formation is a function of a quantity called concurrence and same optimal pure state decomposition can be used to calculate concurrence and entanglement of formation [18, 22] . Multiple effort had been done to determine entanglement negativity for two qubit system without state tomography [23] [24] [25] . In a similar fashion, numerous effort had been given to determine concurrence for two qubit system without quantum state tomography [26] [27] [28] . Walborn et.al. [29] performed an experiment to quantify * satyabrata@dtu.ac.in entanglement using linear optics set up. It determine concurrence of pure state by performing only single measurement on two copies. P. Horodecki [30] provided a protocol that uses collective measurements on at most eight copies to determine the concurrence and negativity of a two qubit system. L. H. Zhang et.al. [31] presented protocols for the direct measurement of the concurrence for two-photon polarization entangled pure and mixed states without tomography. Their protocols need two copies of the state in each detection round. It is clear from the above discussion that the methods proposed earlier for the estimation of either entanglement negativity or concurrence or both for a two-qubit system either require more than a single copy of the quantum state under investigation or require to estimate more than two parameters. As far as my knowledge, we find that there does not exist any single method that rely on single copy and two measurements for the estimation of entanglement negativity and concurrence of a two-qubit system. This motivate us to present a method that need one parameter estimation and single copy of the quantum state under investigation. In the present work, we will apply SPA of partial transpose (PT) for the estimation of entanglement negativity and concurrence for two-qubit system. This paper is organized as follows: In Sec. II, we discuss about the entanglement negativity and point out the difficulty in realizing it in experiment. Also, we derive the lower bound of the entanglement negativity using a mathematical inequality involving trace of the product of two Hermitian matrices and product of the eigenvalues of the same Hermitian matrices. In Sec. III, we provide the exact value of the entanglement negativity in terms of the minimum eigenvalue of SPA-PT of an arbitrary two-qubit mixed state ρ AB . In Sec. IV, we illustrate our results with examples. In Sec. V, we show that it is possible to express the exact value of the concurrence of the pure entangled state and quasi-distillable mixed state in terms of the minimum eigenvalue of SPA-PT of the two-qubit pure entangled state |ψ AB and quasi-distillable mixed state ρ quasi AB . In Sec. VI, we determine the upper bound of the concurrence of an arbitrary two-qubit density matrix. In Sec. VII, we summarize our result.
II. LOWER BOUND OF ENTANGLEMENT NEGATIVITY
Entanglement negativity N (ρ) for the density matrix ρ is defined as [32, 33] 
where ν ′ i s are the negative eigenvalues of the partial transpose ρ Γ of the density matrix ρ. Entanglement negativity was introduced by Vidal and Werner and have shown that it is indeed an entanglement monotone [19] . The number of negative eigenvalues of ρ Γ is at most two when ρ denoting a two qubit system [34] . A point to be noted is that, we restrict ourselves in this work to two-qubit system. Thus we need to determine only one negative eigenvalue of the partial transpose of a two-qubit state provided the quantum state is entangled. Although it is one of the important measure of entanglement for bipartite as well as multi-partite system but it involves PT, which is a positive but not completely positive map. This means that it is very difficult to realize PT in the laboratory and hence restrict the determination of entanglement negativity experimentally. To overcome this difficulty, we will apply the method of SPA of PT map. Due to this approximation, PT map reduces to a completely positive map that can be realized in the experiment. The experimental demonstration of SPA-PT for two qubit photonic system using single-photon polarization qubits and linear optical devices had been given by H-T Lim et.al. [35] . We note that an important application of SPA-PT method had been discussed recently in [36] , where it had been shown that SPA-PT estimated optimal singlet fraction with only two measurements. In order to estimate the exact value of N (ρ) experimentally, we first derive the lower bound of entanglement negativity in terms of a quantity that can be realized in the experiment. To proceed in this direction, let us first consider two subsystems A and B described by the Hilbert spaces H A and H B respectively, which are the part of the composite system described by the Hilbert space H AB . Consider any two-qubit entangled state ρ AB in the composite Hilbert space H AB . Now our task is to derive the lower bound of entanglement negativity N (ρ AB ), which quantify the amount of entanglement between two subsystems A and B and show that the lower bound can be realized in experiment with only two measurements. To achieve this task, we start with the statement of a lemma. Lemma [37] :-For any two Hermitian 4 × 4 matrices F 1 and F 2 , the inequality given below holds true
where λ i (F 1 ) and λ i (F 2 ) denote the eigenvalues of the matrices F 1 and F 2 respectively. The eigenvalues are arranged in descending order i.e. λ 1 (.) > λ 2 (.) > λ 3 (.) > λ 4 (.). We use the above stated lemma for F 1 = |φ φ| and F 2 = ρ TB AB , where |φ = α|00 + β|11 ) and ρ AB denoting the twoqubit entangled state. As a result, the left hand inequality of (2) will become
The amount of entanglement contained in ρ AB can be determined by entanglement negativity N (ρ AB ) defined in (1). It is a positive real number and is given by
Inserting (4) in (3), we have
Note that the value of the R.H.S of inequality (5) cannot be determined experimentally because partial transposition operation is not a physical operation. To obtain the value of R.H.S of inequality (5) experimentally, we use structural physical approximation method to approximate the non-physical partial transposition operation by a completely positive operation. Let the structural physical approximation of ρ TB AB be ρ AB . The relation between ρ TB AB and ρ AB is given by [36] T r(|φ φ|ρ
Using (5) and (6), we get
Let µ min be the minimum eigenvalue of ρ AB then the eigenvalue equation is given by
Using the eigenvalue equation (8) in (7), we get
The minimum eigenvalue µ min of the quantum state ρ AB can be determined experimentally with only two measurement by using Hong-Ou-Mandel interferometry [36, 38] . Thus we can determine the value of lower bound of entanglement negativity experimentally with only two measurement.
III. DETERMINATION OF EXACT VALUE OF ENTANGLEMENT NEGATIVITY
We have already obtained the analytical lower bound of entanglement negativity and it is given by (9). Also we have shown that the analytic lower bound can be achieved experimentally. Now the problem is that the inequality (9) only tells us that the entanglement negativity can take value greater than the bound obtained but it does not determine the actual amount of entanglement in an arbitrary two-qubit state. We are now interested in obtaining the actual value of the entanglement negativity contained in an arbitrary two-qubit state. Note that the quantity 4 − 18µ min is less than or equal to N (ρ AB ). This suggest that if we add a positive quantity Q to the quantity 4 − 18µ min then it may be equal to N (ρ AB ). By adding a positive quantity Q to the R.H.S of (9), we get
To search for the quantity Q, we keep in mind the following facts: (i) the inequality µ min < 2 9 holds for all entangled state ρ AB [16] and (ii) T r[(I − |φ φ|) ρ AB ] = 1 − µ min > 0. Using these two facts, we can always choose Q = ( 
Here, we observe that N (ρ AB ) given in (11) is not normalized. The normalized N (ρ AB ) is then given by
Here K is a normalization constant. K can be determined by using the fact that µ min = 1 6 for maximally entangled state. Thus, the normalized entanglement negativity is given by
Since N N (ρ AB ) expressed in terms of µ min so the normalized entanglement negativity can be determined experimentally with two measurement using Hong-Ou-Mandel interferometry.
IV. EXAMPLES
We now illustrate with examples that the derived expression of normalized entanglement negativity given in (13) is indeed correct and its correctness can be shown by matching it with the expression of entanglement negativity obtained via definition (1). Example-1:Let us first consider a pure entangled state described by density matrix
The entanglement negativity using the definition (1) is given by
The SPA-PT of ρ M is given by
where a = √
. The minimum eigenvalue of ρ M is given by
where F avg ( W, ρ M ) and W denoting the average fidelity and approximated entanglement witness operator respectively. The approximated entanglement witness operator can be expressed in terms of entanglement witness operator W = |φ φ| − 2 9 I as [36]
The value of µ min given by the second equality in (17) can be estimated experimentally by Hong-Ou-Mandel interferometer set up with only two detectors [36, 38] .
in (13), we get the reduced expression of the normalized entanglement negativity as
When we compare the expressions given in (15) and (19) then we find that the two curves for N D (ρ M ) and N N (ρ M ) coincides with each other and it can be verified by Figure-1 also. This means that the formula for the entanglement negativity expressed in (13) is correct. Example-2: Next, consider a mixed entangled state also known as Horodecki state given by [39] 
The entanglement negativity using the definition (1) is given by [40] 
The SPA-PT of ρ H is given by
The minimum eigenvalue of ρ H is given by
In this example also, we can follow the same procedure as explained in previous example to estimate the minimum eigenvalue experimentally. Using (23) in (13), the expression of the normalized entanglement negativity reduced as
Again if we compare the expressions given in (21) and (24) then we can see that the two curves for N D (ρ H ) and N N (ρ H ) overlap with each other. Figure-2 verifies the fact that the entanglement negativity given in (13) is correct. FIG. 2 . Plot of negativity obtained using definition given by N D (ρH) and obtained by our formula N N (ρH). We found that both curve coincide with each other.
V. DETERMINATION OF EXACT VALUE OF CONCURRENCE
The first entanglement measure popularly known as concurrence was introduced by Wootters [18] and it is defined for the two-qubit state ρ as
where λ 1 , λ 2 , λ 3 , λ 4 denote the square root of the eigenvalues of the operator ρ(σ y ⊗ σ y )ρ * (σ y ⊗ σ y ) and these eigenvalues are arranged in descending order, σ y represent the Pauli spin matrix and complex conjugation is denoted by asterisk. We find that it is not possible to express always the exact value of concurrence in terms of a parameter that can be realized experimentally. In this section, we express the exact formula of the concurrence in terms of experimentally accessible parameter for two classes of entangled states, viz., for pure entangled states and for quasi-distillable mixed entangled states.
A. Pure entangled states
It has been shown that the entanglement negativity and concurrence are equal for pure two-qubit state [47] . Therefore, the concurrence for any pure two-qubit state |ψ AB can be expressed in terms of the minimum eigenvalue µ min of ρ AB , which is a SPA-PT of a two-qubit state |ψ AB . Thus, the concurrence for the pure state |ψ AB is given by
Therefore, the value of the concurrence for any two-qubit pure state can be realized experimentally.
B. Quasi-distillable mixed states
Quasi-distillable states are those non-maximally entangled states which cannot be distilled to a perfect singlet state but can be distilled to a state with arbitrarily high singlet fraction and this distillation procedure can be implemented with nonzero probability [48] . The class of quasi-distillable states are given by
where C denotes the concurrence of the state ρ quasi AB . Verstraete et. al. [49] have shown that for any two-qubit entangled state ρ AB , entanglement negativity N (ρ AB ) and concurrence C(ρ AB ) are related by the inequality
The lower bound of (28) is achieved iff the state is a rank-2 quasi-distillable state [49] . Therefore, the entanglement negativity and concurrence for rank-2 quasi-distillable state ρ quasi AB are related as
We note that the entanglement negativity appeared in equation (29) is normalized and hence the concurrence for rank-2 quasi-distillable state ρ quasi AB is explicitly espressed in terms of normalized entanglement negativity as
where N (ρ quasi AB ) is given by equation (13) . Since the value of N (ρ quasi AB ) can be estimated experimentally so the concurrence for rank-2 quasi-distillable state can be estimated experimentally.
VI. UPPER BOUND OF THE CONCURRENCE FOR THE GENERAL TWO-QUBIT MIXED STATES
Numerous effort had been given to calculate the lower and upper bound of concurrence theoretically or experimentally [41] [42] [43] [44] [45] . All these methods rely on the joint measurement on two copies of the given quantum state. In this section, we will show that the upper bound of the concurrence can be estimated using only single copy of the given quantum state. We now derive the upper bound of the concurrence using Lewenstein-Sanpera decomposition [46] and the convexity property of concurrence. An arbitrary two-qubit density matrix ρ can be decomposed as [46] 
where ρ s denote two-qubit separable state and |ψ e represent two-qubit pure entangled state. We note here that the decomposition (31) is unique. The concurrence of an arbitrary two-qubit quantum state ρ is given by
Using the convexity property of concurrence [21, 22] , we have
In the first line, we have used C(ρ s ) = 0 and equation (26) is used in the second line. The equality holds when λ = 0 and λ = 1.
VII. CONCLUSION
To summarize, in this work we have studied the two most important measure of entanglement such as entanglement negativity and concurrence to quantify the entanglement in a two-qubit system. As partial transposition (PT) of a two-qubit density matrix is not a physical operation so we apply structural physical approximation (SPA) method to realize the partial transposition operation experimentally. It has already been shown that the minimum eigenvalue of SPA-PT state can be estimated experimentally [36] . Interestingly, we show that there is a connection between the entanglement negativity and minimum eigenvalue of SPA-PT state and hence entanglement negativity can be estimated experimentally. We have provided some illustrations to show that the value of the entanglement negativity would be obtained experimentally matches with the theoretical result. Further, we have shown that the value of the concurrence can be estimated experimentally for (i) any arbitrary two-qubit pure states and (ii) a particular class of mixed state known as rank-2 quasi-distillable states. Also we have obtained the upper bound of the concurrence of an arbitrary two-qubit quantum state. We can estimate the value of entanglement negativity and concurrence using Hong-Ou-Mandel set up that require only two measurements, which are much lesser in comparison to state tomography of an unknown state, thus signifying the practical utility of our work. Since we restrict ourselves in this work only to two-qubit system so it would be interesting to apply the idea of this work to obtain the experimental value of entanglement negativity and concurrence for higher dimensional system or for multi-partite system.
